We determine the dimension and in some cases the minimum distance of primitive, narrow sense BCH codes of length n with small designed distance. We show that such a code contains its Euclidean dual code and, when the size of the field is a perfect square, also its Hermitian dual code. We establish two series of quantum error-correcting codes.
Introduction
Let α denote a primitive element in the finite field F q m . We set n = q m − 1 and denote by δ an integer in the range 2 ≤ δ ≤ n. A cyclic code of length n over F q is called a primitive, narrow sense BCH code with designed distance δ if its generator polynomial is of the form
where C x = {xq k mod n | k ∈ Z } denotes the q-ary cyclotomic coset of x modulo n. We refer to Z as the defining set of the code. The purpose of this note is to study properties of primitive BCH codes of length n with designed distance δ = O(n 1/2 ). This restriction on the designed distance allows us to find a closed form for the dimension of the code, and usually nearly tight bounds on the minimum distance of the code.
Furthermore, we show that primitive, narrow-sense BCH codes with small minimum distance contain their Euclidean dual codes and (when applicable) their Hermitian dual codes. These results are not just interesting from a structural point of view, but they also allow us to construct families of quantum error-correcting codes.
It might be interesting to note that we started our investigation of BCH codes with the goal to construct quantum-error correcting codes. We first derived Theorems C and D, which characterize the codes that contain their Euclidean and Hermitian dual codes. However, we could not determine the parameters of the corresponding quantum codes in a satisfactory way, because the classical theory of primitive BCH codes of length q m − 1 and designed distance δ merely provides the bound k ≥ q m − 1 − m(δ − 1) for the dimension k of the code. To state Scholium E and Scholium F in the current form, we were prompted to find the precise value of k. It is remarkable that the search for the parameters of quantum codes led us to the fact that primitive, narrow-sense BCH codes of length q m − 1 with small designed distance δ have dimension k = q m − 1 − m⌈(δ − 1)(1 − 1/q)⌉, as we shall show in Theorem A.
Notation. We denote the ring of integers by Z and a finite field with q elements by F q . We use the bracket notation of Iverson and Knuth that associates to [statement ] the value 1 if statement is true, and 0 otherwise. For instance, we have [k even] = k − 1 mod 2 and [k odd] = k mod 2 for an integer k.
Dimension
In this section we determine the dimension of primitive, narrow sense BCH codes of length n with minimum distance d = O(n 1/2 ). First we make some observations about cyclotomic cosets that are essential in our proof. Lemma 1. If q be a power of a prime, m a positive integer and n = q m − 1, then all q-ary cyclotomic cosets C x = {xq ℓ mod n | ℓ ∈ Z} with x in the range 1 ≤ x < q ⌈m/2⌉ + 1 have cardinality
Proof. Seeking a contradiction, we assume that |C x | < m. If m = 1, then C x would have to be the empty set, which is impossible. If m > 1, then |C x | < m implies that there must exist an integer j in the range 1 ≤ j < m such that j divides m and xq j ≡ x mod n. In other words, q m − 1 divides x(q j − 1); hence, x ≥ (q m − 1)/(q j − 1). If m is even, then j ≤ m/2; thus, x ≥ q m/2 + 1. If m is odd, then j ≤ m/3 and it follows that x ≥ (q m − 1)/(q m/3 − 1), and it is easy to see that the latter term is larger than q ⌈m/2⌉ + 1. In both cases this contradicts our assumption that 1 ≤ x ≤ q ⌈m/2⌉ ; hence |C x | = m.
Lemma 2. Let q be a power of a prime, m a positive integer, and n = q m −1. Let x and y be integers in the range 1 ≤ x, y < q ⌈m/2⌉ + 1 such that x, y ≡ 0 mod q. If y = x, then the q-ary cosets of x and y modulo n are disjoint, i.e., C x = C y .
Proof. Seeking a contradiction, we assume that C x = C y . This assumption implies that y ≡ xq ℓ mod n for some integer ℓ in the range 1 ≤ ℓ < m.
If xq ℓ < n, then xq ℓ ≡ 0 mod q; this contradicts our assumption y ≡ 0 mod q, so we must have xq ℓ ≥ n. It follows from the range of x that ℓ must be at least ⌊m/2⌋.
If ℓ = ⌊m/2⌋, then we cannot find an admissible x within the given range such that y ≡ xq ⌊m/2⌋ mod n. Indeed, it follows from the inequality xq ⌊m/2⌋ ≥ n that x ≥ q ⌈m/2⌉ , so x must equal q ⌈m/2⌉ , but that contradicts x ≡ 0 mod q. Therefore, ℓ must exceed ⌊m/2⌋.
Let us write x as a q-ary number
We observe that y 0 ≥ x 0 q ℓ ≥ q ⌈m/2⌉ . Since y ≡ 0 mod q, it follows that y = y 0 ≥ q ⌈m/2⌉ + 1, contradicting the assumed range of y.
The previous two observations about cyclotomic cosets allow us to derive a closed form for the dimension of a primitive BCH code.
Theorem A. A primitive, narrow sense BCH code of length
Proof. The defining set of the code is of the form
Therefore, the number of cosets is reduced by ⌊(δ − 1)/q⌋. By Lemma 2, if x, y ≡ 0 mod q and x = y, then the cosets C x and C y are disjoint. Thus, Z is the union of (δ − 1) − ⌊(δ − 1)/q⌋ = ⌈(δ − 1)(1 − 1/q)⌉ distinct cyclotomic cosets. By Lemma 1 all these cosets have cardinality m. Therefore, the degree of the generator polynomial is m⌈(δ − 1)(1 − 1/q)⌉, which proves our claim about the dimension of the code.
If we exceed the range of the designed distance in the hypothesis of the previous theorem, then our dimension formula (1) is no longer valid, as our next example illustrates. Example 1. Consider a primitive, narrow-sense BCH code of length n = 4 2 − 1 = 15 over F 4 . If we choose the designed distance δ = 6 > 4 1 + 1, then the resulting code has dimension k = 8, because the defining set Z is given by
The dimension formula (1) yields 4 2 − 1 − 2⌈(6 − 1)(1 − 1/4)⌉ = 7, so the formula does not extend beyond the range of designed distances given in Theorem A.
Minimum Distance
The true minimum distance d min of a primitive BCH code over F q with designed distance δ is bounded by δ ≤ d min ≤ qδ − 1, see [4, p. 261 ]. Our next result shows that if a primitive BCH code is designed to correct a small number t of errors, then-in general-it cannot correct more errors than that. We obtain this result as a simple consequence of Theorem A and the sphere-packing bound.
Corollary B. If C is primitive, narrow sense BCH code of length q m − 1 over F q with designed distance δ in the range 2 ≤ δ ≤ q ⌈m/2⌉ + 1 such that
Proof. Seeking a contradiction, we assume that the minimum distance d of the code satisfies d ≥ δ + 2. We know from Theorem A that the dimension of the code is k = q m − 1 − m⌈(δ − 1)(1 − 1/q)⌉. If we substitute this value of k into the sphere-packing bound
then we obtain
but this contradicts condition (2); hence, δ ≤ d ≤ δ + 1. If δ ≡ 0 mod q, then the cyclotomic coset C δ is contained in the defining set Z of the code because C δ = C δ/q . Thus, the BCH bound implies that the minimum distance must be at least δ + 1.
Remark.
The previous corollary generalizes a result by Farr on primitive binary BCH codes, cf. [4, p. 259].
Euclidean Dual Codes
Recall that the Euclidean dual code C ⊥ of a code C ⊆ F n q is given by C ⊥ = {y ∈ F n q | x·y = 0 for all x ∈ C}. Steane showed in [6] that a primitive binary BCH code of length 2 m −1 contains its dual if and only if its designed distance δ satisfies δ ≤ 2 ⌈m/2⌉ − 1. In this section we derive a similar condition for nonbinary BCH codes. 
Proof. Let n = q m − 1. The defining set Z of a primitive, narrow sense BCH code C of designed distance δ is given by
1. We will show that the code C cannot contain its dual code if the design distance δ > δ max . Seeking a contradiction, we assume that the defining set Z contains the set {1, . . . , s}, where s = δ max . By Lemma 3, it suffices to show that Z ∩ Z −1 is not empty. If m is even, then s = q m/2 −1, and Z −1 contains the element −sq m/2 ≡ q m/2 − 1 ≡ s mod n, which means that Z ∩ Z −1 = ∅; contradiction. If m is odd, then s = q (m+1)/2 − (q − 1), and the element given by −sq (m−1)/2 ≡ q (m+1)/2 − q (m−1)/2 − 1 mod n is contained in Z −1 . Since this element is less than s for m ≥ 3, it is contained in Z, so Z ∩ Z −1 = ∅; contradiction. Combining these two cases, we can conclude that δ ≤ q ⌈m/2⌉ − 1 − (q − 2)[m is odd] for m ≥ 2.
2. For the converse, we prove that if δ ≤ δ max , then Z ∩ Z −1 = ∅, which implies C ⊥ ⊆ C by Lemma 3. It suffices to show that min C −x ≥ δ max for any coset C x in Z. Since 1 ≤ x < δ max ≤ q ⌈m/2⌉ − 1, we can write x as a q-ary integer of the form x = x 0 + x 1 q + · · · + x m−1 q m−1 with 0 ≤ x i < q, and
We note that y is a conjugate ofȳ. Thus, the digits of y are obtained by cyclically shifting the digits ofȳ.
3. First we consider the case when m is even. Then the q-ary expansion of x has at least m/2 zero digits. Therefore, at least m/2 of theȳ i are equal to q − 1. Thus, y ≥ m/2−1 i=0 
Therefore a primitive BCH code contains its dual if and only if δ ≤ δ max , for m ≥ 2.
Hermitian Dual Codes
If the cardinality of the field is a perfect square, then we can define another type of orthogonality relation for codes. Recall that if the code C is a subspace of the vector space F n q 2 , then its Hermitian dual code C ⊥ h is given by C ⊥ h = {y ∈ F n q 2 | y q ·x = 0 for all x ∈ C}. Here y q = (y q 1 , . . . , y q n ) denotes the conjugate of the vector y = (y 1 , . . . , y n ) . The goal of this section is to establish when a primitive, narrow-sense BCH code contains is Hermitian dual code.
Lemma 4.
Assume that gcd(n, q) = 1. A cyclic code of length n over F q 2 with defining set Z contains its Hermitian dual code if and only if Z ∩Z −q = ∅, where
The latter condition is equivalent to Z ⊆ {−qx | x ∈ N \ Z}, which can also be expressed as Z ∩ Z −q = ∅.
Theorem D. A primitive, narrow sense BCH code of length q 2m − 1 over F q 2 contains its Hermitian dual code if and only if its design distance
Proof. Let n = q 2m −1. Recall that the defining set Z of a primitive, narrow sense BCH code C over the finite field F q 2 with designed distance δ is given by Z = C 1 ∪ · · · ∪ C δ−1 with C x = {xq 2j mod n | j ∈ Z}.
1. We will show that the code C cannot contain its Hermitian dual code if the designed distance δ > δ max . Seeking a contradiction, we assume that the defining set Z contains {1, . . . , s}, where s = δ max . By Lemma 4, it suffices to show that Z ∩ Z −q is not empty.
If m is odd, then s = q m −1. Notice that n−qsq 2(m−1)/2 = q m −1 = s, which means that s ∈ Z ∩ Z −q , and this contradicts our assumption that this set is empty. If m is even, then s = q m+1 −q 2 +1. We note that n − qsq m−2 = q m+1 − q m−1 − 1 < s. It follows that q m+1 − q m−1 − 1 ∈ Z ∩ Z −q , contradicting our assumption that this set is empty.
Combining the two cases, we can conclude that s must be smaller than the value q m+[
2. For the converse, we show that if δ < δ max , then Z ∩ Z −q = ∅, which implies C ⊥ h ⊆ C thanks to Lemma 4. It suffices to show that min{n − qC x } ≥ δ max or, equivalently, that max qC x ≤ n − δ max holds for 1 ≤ x ≤ δ − 1.
3. If m is odd, then the q-ary expansion of x is of the form x = x 0 + x 1 q + · · · + x m−1 q m−1 , with x i = 0, for m ≤ i ≤ 2m − 1 as x < q m − 1. So at least m of the x i are equal to zero, which implies max qC x < q 2m − 1 − (q m − 1) = n − δ max .
3' Let m be even and qxq 2j be the q 2 -ary conjugates of qx. Since x < q m+1 − q 2 + 1, x = x 0 + x 1 q + · · · + x m q m and at least one of the
We note that there occurs a consecutive string of m − 1 zeros and because one of the x i ≤ q − 2, we have qxq
Thus we can conclude that the primitive BCH codes contain their Hermitian duals when
Quantum Codes
We use the results of the previous two sections to prove the existence of quantum stabilizer codes. We refer the reader to [1] for the definition of nonbinary stabilizer codes; see also [2, 5] for further background. 
that is pure up to δ.
Proof. Theorem A and C imply that there exists a classical BCH code with parameters [2] ; this proves our claim.
Conclusions
We have investigated primitive, narrow-sense BCH codes in this note. A careful analysis of the cyclotomic cosets in the defining set of the code allowed us to derive a formula for the dimension of the code when the designed distance is small. For BCH codes with designed distance exceeding the range studied in this note, one has to take a more delicate behavior of cyclotomic cosets into account. We were able to characterize when primitive, narrowsense BCH codes contain their Euclidean and Hermitian dual codes, and this allowed us to derive two series of quantum stabilizer codes.
